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A shock wave is assumed to exist in a three-dimensional unsteady flow of a relaxing gas. 
The variation of flow parameters at any point behind the shock surface is determined in terms 
of the shock geometry and the upstream flow conditions. The expressions for the vorticity and 
the curvature of a streak line at the rear of the shock surface are also determined in terms of 
the known quantities. 

1. Introduction 

Problems of the flow of non-equilibrium gases 
have become increasingly important because of the 
elevated temperatures encountered in high speed 
flows, and much effort has accordingly been devoted 
to re-examining gas flows in the light o f chemical 
non-equilibrium. However, much less interest has 
been shown in the geometry o f such fluid flows. The 
problems dealing with the kinematical and geomet-
rical properties of fluid flows in classical gasdynam-
ics, magnetogasdynamics and relativistic gasdynam-
ics have drawn attention of a number of researchers 
[1—4]. The main object of this paper is to study 
how non-equilibrium relaxation effects modi fy the 
results of classical gasdynamics. The existence o f 
a shock wave is assumed and the flow at the rear 
of the shock surface is examined. A coordinate trans-
formation is used wrhich offers a convenient way of 
treating this problem. The present method can, 
however, be employed to vibrational excitation, 
ionization, dissociation etc. 

The basic equations are [5] (p. 37) 

Zpßt + Uip: i + QC^Uij 

= -ctH(AIT)Qs + Qq)co(p,s,q), (1.1) 

Q dUi/dt + QUjUij + p, i = 0 , (1.2) 

Ttfs/Zt + uts,i) = Aco{p,s,q), (1.3) 

dqjdt + utq, * = to{p,s,q), (1.4) 
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where the summation convention on repeated in-
dices is employed, and cl/cl£ and a comma followed 
b y an index (say i) denote partial differentiation 
with respect to time and the corresponding coordi-
nate, Xi, respectively. The range of Latin indices 
is taken to be 1 , 2 , 3 and the symbols appearing in 
(1.1) to (1.4) are as follows: Ui are the gas velocity 
components, p is the pressure, s the entropy, q the 
progress variable characterizing the extent of in-
ternal transformation in the gas, co the rate of in-
ternal transformation which is assumed to be a 
known function of p, s and q, and Cf is the frozen 
sound speed given by Cf2 = (öp/c?£))s.a. The sym-
bols g, T and A, which denote, respectively, the 
density, temperature, and the affinity of internal 
transformation characterized by the variable q, are 
regarded as functions of p, s and q, and are given b y 

p - i = hp, T = hs and A = — hq, 

where h is the specific enthalpy related to p, s and q 
through the canonical equation of state h = h{p, s, q), 
and the letter subscripts p, s or q denote partial 
derivatives with respect to the indicated variable 
while holding the remaining variables in the set 
(p, s, q) fixed. 

2. Shock Configuration and Jump Relations 

Let the shock configuration in three-dimensional 
unsteady flows be represented by continuously dif-
ferentiable functions xj = xi (ya , t) (in this and in 
what follows the range of Latin indices is 1 , 2 , 3 and 
that of Greek indices is I, I I ; a repeated index im-
plies summation unless stated otherwise) with re-
spect to a frame of reference in which it is at rest, 
where xt are the Cartesian coordinates of a point on 
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locity defined as the velocity of a point of the shock 
surface So in a direction normal to the surface. 
A point with fixed coordinates ya on the shock sur-
face So at every instant moves with the shock ve-
locity Giii , where fti are the components of the unit 
normal to the shock surface So at this point. Let 
6/dt denote the time derivative as apparent to an 
observer moving with the velocity Gfu, then the 
(5/<31 derivative of a quantity / is defined as in [6]: 

öf/öt = df/clt -f- Giii f, i • (2.1) 

Thus, (1.1), (1.2), (1.3) and (1.4) may be put into 
the forms 

dp/dt + (Ui — G Hi) pj + o Cf2 uit i 

-|-yl = 0 , (2.2) 

gdui/dt + Q(UJ — G n j ) U i j + p j = 0 , (2.3) 

dsjdt + (Ui — Gni)sj 

= (A/T) a>(p, s, q), (2.4) 

dqjdt + {Ui — G ni) q, i = co {p, s, q), (2.5) 
where 

A = ctH(AIT)Q8 + Q9)(o(p,s, q). 

Let a quantity / , if evaluated upstream (down 
stream) from the shock be denoted by / i ( / ) . Let [ / ] 
denote the jump in the quantity enclosed as it 
crosses the shock surface So (a horizontal bar above 
a quantity denotes its value just at the shock sur-
face So)- Then the jump conditions expressing the 
values of flow variables just behind in terms of 
those just ahead of the shock surface So are [5] 
(p. 40) 

[üi] = - t ( l + t ) - i ? l n n i , (2.6) 

[ p w a + ö - 1 ? ! ^ , (2.7) 

ffl = 0, (2.8) 

[£] = C(2 + C ) f l n / 2 ( 1 + C ) 2 , (2.9) 

where Vi = w* — Gfu and V i n = Vun t . £ = [o]/£>i, in 
view of (2.9), is a function of p, s, and q, and is de-
fined as the density strength of the shock. Since, 
from the jump conditions [5] (p. 40 and 41) p, s, 
and q just at the rear of the shock are known in 
terms of the state one variables, it follows that £ 
is a known function of p i , «i and qi . 

Let xl be the coordinates of a fluid particle at a 
point P in the region behind the shock surface So 
at a distance £ measured along its streak-line from 
the shock front. Let us consider a surface S through 
P. which is such that when | - > 0, S coincides with 

the shock surface, say So, and y a are its Gaussian 
coordinates. Let G be the instantaneous shock ve-
the shock surface So. Then the configuration of such 
a surface S is given by 

= ^ (y\ yK, £), = Vtjv (2.10) 

with the initial conditions 

My1, y11,0) = My1, y11), 
= Vi/V, 

where v2 = Vi Vi, and a horizontal bar above a 
quantity denotes its value on the shock surface So • 
In view of (2.10), we have 

Vi 
xtj = dij = — + Xi.zyj 

(2.11) 

(2.12) 

with dij being the Kronecker delta. 
Multiplying (2.12) by and e ^ e i l k Vixk . y, we 

get 
li={vlVn)nj; y:j = e«0Ei]kViXk,ßIVn-, 

= 0 , (2.13) 

where Vn = ViUi and and £ijk are permutation 
tensors of the surface and space, respectively. 

3. Gradients of Flow Parameters Behind the Shock 

In the region behind the shock surface, (2.2), (2.3), 
(2.4) and (2.5) transform to 

dp / " A cp 
h + v 

+ A = 0, 

OUi 

ÖUi C Ui 
0 —TT- + Q V 

dt 

vrii op 

Vn " 

ds 
-fi + v— = (AIT)a>(p,8,q), 

dq dq 
1 f + v J - = a>(p,s,q), 

where use has been made of (2.11) and (2.13). 
From (3.1) —(3.4), we obtain 

dui Vn2 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

ef j? (F„ 2 — Cf2) 
dp i f f dt 

dui 

+ O C f 2 ui> a + A 

e - d f - r . a ^ j , (3.5) 
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JlL_ 
r ~~ (Fra2 - C f 2 ) 

[ Cf2 / <5u, \ 

(5p | 
— ^ — Qcrui,v.yai — A >, 

(3.6) 
ds d s 

- -öt + M / T ) (o (p, s. q), (3.7) 

dq dq 
v - - = - — + ro (p, 5, g ) . (3.8) 

Hence, by virtue of (2.11), we find that the gra-
dients of the flow variables at any point behind the 
shock surface are given by the equations 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

where wa;, v —rr1 , v ~ , v — and v —t are given 
e i 8£ e i e 

by (2.13), (3.5), (3.6), (3.7) and (3.8), respectively. 
Under the initial conditions of the transformation 

(2.10) as £ - > 0 , the quantities Ui, Vi, p, s, q, ni 
and Cf tend to üi, Vi, p, s, q, fii and Cf, respectively. 
Accordingly, we conclude that the gradients of flow 
and field parameters at any point in a non-equi-
librium relaxing gas flow just behind an oblique 
shock are determined by the Eqs. (3.9) to (3.12) if 
the horizontal bar is placed above every quantity 
involved there and in (2.13) and (3.5) to (3.8), re-
spectively. 

It is obvious from the expressions for v duijb^, 
v dp/c|, v ds/dg and v dq/dt; that the gradients of 
flow parameters behind the shock are uniquely de-
termined if, and only if, 

Vn 4=0; F n 2 - c f 2 + 0 . 

The above conditions suggest that the discontinuity 
appearing in the flow under consideration can 
neither be a tangential nor a sonic one. 

I t is to be noted here that the energy equation 
and the equation of state are essentially needed for 
the calculation of flow gradients. 

4. Determination of Unknown Quantities 

In the subsequent discussion, we shall omit the 
horizontal bar above each quantity for the sake of 
simplicity. Since the flow quantities on the upstream 
side of the shock are assumed to be uniform and 
known, the values of the flow parameters just be-
hind the shock are explicitly given in terms of 
known quantities by (2.6) to (2.8). Thus, the quan-
tities expressed as functions of \\n, pi, qi, rii, G, 
Cf, the metric tensor of the shock surface and 
their derivatives along the shock surface will allow 
for determination. Such quantities depend only upon 
the shape, speed and strength of the shock and the 
conditions imposed on the upstream side of the 
shock. Thus, all the unknown quantities involved 
in the expressions for gradients of flow parameters 
behind the unsteady shock wave allow for determi-
nation. In the subsequent discussion we shall ex-
plicitly calculate the unknown quantities in terms 
of known quantities in the case of a non-equilib-
rium flow of a relaxing gas. 

The time derivative of rti as apparent to an ob-
server moving with the shock is given by [7] 

dnijdt = — a*ßGtaiXitß, (4.1) 

where are the contra variant components of the 
metric tensor of the shock surface. 

W e assume that the flow upstream from the shock 
is uniform and known and the lines of curvature of 
the shock surface are Gaussian coordinate curves. 
Keeping in mind this assumption and making use 
of (4.1), we obtain 

dtVi»=-(ui*Q,* + dtG)> (4-2) 

Now, applying the operator d t (=d ldt ) on (2.6) to 
(2.8) and using (4.1) and (4.2), we get the dt deriva-
tives involved in the expressions for gradients in 
terms of known quantities depending upon the 
shape, speed and strength of the shock and the flow 
parameters just in front of the shock in the follow-
ing form: 

öui C 
~ ö f = 7 + 7 (4.3) 

Ui Vi n 

+ rti (M l« G, a + dt G)} - öt c, 

V CUi 
Ui, j = -yT ni + Ui>a y*i' 

P.1 = 
v cp 

Vn 

V ds 

ä T 

V dq 

Fn 

dui dv ds 
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dp 

~dt 

dq 

dt 

Q\Vm 

i + c 
Vln 

VmC2 

1 +C dtC 

= 0 . 

(4.4) 

(4.5) 

Using Weingarten's formula for the surface deri-
vative of rti as given b y 

W i , a = — aPvbvaiXi,ß, (4.6) 

where 6 y a are the covariant components of the sec-
ond fundamental tensor of the surface, we obtain 

Vm, a = — {KOL U1OL + G, a) 

(a unsummed) , (4.7) 

where KA are the normal curvatures of the shock 
surface given b y 

Kx = 6aa/«aa (a unsummed) . (4.8) 

As the coordinate curves on the shock surface are 
lines of curvature, we have a 12 = &12 = 0- Now, dif-
ferentiating (2.6) to (2.8) with respect to y a and 
making use of (4.6) and (4.7), we get expressions 
for the quantities M^a , p t a and qt<x involved in the 
expressions for the gradients in terms of known 
quantities depending upon the shape, speed and 
strength of the shock and the flow parameters up-
stream from the shock in the form 

£ 
Ui, a = Y ^ y { aßv bvx xu ß 

+ Ui (Kql Wia + Gt a)} -

pi Vm j 

nt Fi n 

V. a = i + c 

( i + C ) 2 

2 C(K . a/ 

Fin 

(4.9) 

C. a j 

1 + C c , a 

0 . 

(4.10) 

(4.11) 

5. Entropy Gradient 

Using the (2.7), (2.8), (2.9), (3.7), (4.4), (4.5), 
(4.10), (4.11) and h = h{p, s, q), we get the quanti-
ties ös/öf and s > a in the form 

8s 1 f F i n t 
(ttiaG.« + <3tG) 

ef 
i - i 
yT I (1 + C)2 

+ 5, gr) j , (5.1) 

' .a 
T ( l + 0 2 

(ZaWia + G a ) . (5.2) 

Equations (5.1) and (5.2) determine, respectively, 
the variation of entropy along the streak-line at the 
shock and its variation along the shock surface in 
terms of known quantities. Consequently, the en-
tropy gradient at any point just at the rear o f an 
unsteady shock in a non-equilibrium relaxing gas 
flow is known from (3.11). 

The third term on the right hand side of (5.1) is 
the contribution of non-equilibrium relaxation pre-
sent in the flow, which will disappear if the flow is 
in equilibrium so that co {p, s, q) = 0. 

The variation of entropy behind the shock leads 
to the presence of vorticity which can be determined 
as follows: The components of vorticity generated 
behind the shock are given b y 

(Oi = eijkUfcj • (5.3) 

Substituting for u k j in (5.3), we obtain 

(Oi = — £ a0"3 Eijjc rij xk< ßGt0i 

+ £ Vnaßv bVOL Ejcijxk,ßy«j (5.4) 
+ C (1 + C)"1 Mia + G, a) £ijk n} y«k . 

Now, making use of (2.13), (4.8) and the geometrical 
relation 

Ui = lE^EijlcXj, aXktß 

in (5.4), we obtain the expression for the vorticity 
generated by the shock in the form 

coi = - C2(l + O-M^aWia + G, a) e«0xitß, 
(5.5) 

which shows that the magnitude o f the vorticity 
generated by a shock of given speed, shape and 
strength depends only on the tangential component 
of the velocity and is independent of the form o f 
the equation of state. Further, it shows that the 
vorticity generated by an oblique shock is strongly 
dependent upon £ and becomes very large as £ be-
comes large for a given shape and speed of the 
shock. Also, it follows from (5.5) that the normal 
component of the vorticity is always zero. I t is 
interesting to note that for a plane flow the expres-
sion (5.5) reduces to 

(5.6) 

where k is the curvature of the shock curve and u\t 
is the component of the fluid velocity tangential to 
the shock curve. 
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The relation (5.6) is exactly the same as that 
derived in [8] (p. 36). 

6. Curvature of a Streak-line 

I f vt are the components of the unit vector along 
the principal normal of the streak-line, then we 
have 

= U j u i j / u 2 — u i u ] u k u k j l u 4 , (6.1) 

where u 2 — UiUi. Multiplying (6.1) by V{ and sum-
ming, we obtain 

k = Viujuij/u2, 

which, on using (6.1), yields 

k2 = (1 /tt4) {(ujUij)2 - (uiujuij/u)2}. (6.2) 

Substituting the value o f u t j from (3.9) in (6.2), 
we find that the curvature of the streak-line at the 
rear of the shock is fully determined in terms of 
known quantities. 
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